A statistical-mechanical theory for the order-parameter expansion of free energy, whose expansion coefficients are expressed in terms of cumulant averages of microscopic random variables, is presented in the mean field approximation. The theory can easily be extended to the cases of the complex order-parameter as well as the three-dimensional one. As applications of present theory, the order of phase transitions is investigated on simple orderdisorder models with one-dimensional order-parameter and on a polyorientational phase transition of dipolar system with three-dimensional order-parameter. § 1. Introduction
As is well known, the Landau theoryn based on the so-called order-parameter expansion of free energy is very useful to consider the general aspect of the critical behaviour in first and second order phase transitions_ However, except for simple models such as Ising ferromagnet, there have been given few studies for obtaining such an order-parameter expansion of free energy in general by the statistical-mechanical procedure_ Recently Nakano 2 l has presented a statistical-mechanical theory to derive the order-parameter expansion of free energy from the microscopic point of view, and himself and his co-worker have applied this theory to the considerations of the order of phase transitions in some models described by the spin-like variables with different degeneracies_•l.
•l On the other hand, experimentally, there have also been observed many interesting phenomena worthy of notice in this respect: that is, for example, the first order transitions found in the magnetic systems such as uo2 and UI3, 5 l. aJ the tricritical point appeared in the liquid He 3 -He 4 mixture/) similar features as seen in the mixed system of ammonium halides, 8 l etc. Generally speaking, in the study of wide variety with first and second order phase transitions, it happens that the several modes with different wave vectors are mutually concerned and that the odd powers of order-parameter in the expansion series of free energy play the important role. However, for the sake of simplicity, in this paper we shall consider only the simple case that the expansion series of free energy is composed of the even powers of order-parameter with respect to the single mode -of a specified wave vector.
In § 2 the density distribution (weight-function) of the single mode responsible for the phase transition is first calculated, then the theory is formulated in the mean field approximation along the line of Brout's RPA theory. 9 l Thus a general expression for the order-parameter expansion is obtained whose expansion coefficients can definitely be given in terms of the cumulant averages of the microscopic random variables. This formalism is also extended to the cases of the complex order-parameter as well as the three-dimensional one. In § 3 as simple applications of § 2, the order of phase transitions is considered in some order-disorder models with one-dimensional order-parameter. In § 4 as a somewhat intricate application with three-dimensional order-parameter, the features of the polyorientational phase transition in a model-system with dipole-dipole interactions are investigated with respect to the order of phase transition and the direction of the· occurrence of order-parameter. Conclusion and discussion are also given in § 5. § 2. Order-parameter expansion of free energy
Basic formulation
Let Xj be a random variable to take some discrete (positive and negative) values, which designates the microscopic states of the "atom" at lattice site j. The model-Hamiltonian is taken as
where V;k denotes the interaction parameter between atoms at sites j and !?. Introducing the lattice Fourier transformations and we haYe
Then the partition function of the system can be expressed as
where P ( { Xq}) represents the joint density distribution for a set of Xq defined by
use of the mean field approximation taking account only of the single mode responsible for the phase transition.
n1 ~which C is a constant, and P(Xq,) shows the density distribution (weightfunction) for the single mode specified by the wave vector q0 defined as
X~r.,'
~where ( ··-) denotes the moment average with respect to the random variables included in the bracket and q0 is chosen so as to minimize V(q) of Eq. (3).
In Eqs. (7) and (8) 
Substituting Eqs. (11) and (13) 
This result corresponds to the phenomenological formula of so-called Landau's order-parameter expansion, but the expansion coeff1cients are now obtainable v·ery easily from the microscopic point of view by calculating the cumulant averages with respect to the random variables.*> As is vvell known, in some cases of magnetic, dielectric and structural phase transitions, the intricate ordered-states such as screw or sinusoidal structures appear because of the long-range interaction or any other reasons. If this is the case, Xq, becomes complex number where q0 stands for an adequate vvave vector in B.Z. The extension to such a case can also be done by the way similar to the case of real order-parameter. That is, using the density distribution P(Xq,) for complex number's Xqo expressed as ·where Ln 1s the Laguerre polynomial of degree n, we obtain the follovv-ing result expanded in a power series of the magnitude of complex order-parameter I~ q, I:**> *> We note that a similar expression formally expanded in terms of the cumulant averages has also been derived by Suzuki 10 l from different point of view, to consider some critical behaviour of Ising and Heisenberg spin systems. **> In derivation of the expansion series up :o 0 Ce), if the wave vector takes the special values qo= (n 1r./a,, n,n/ a 2, n 3n/aa) with n, =0, 1/3, 1/2,2/3, 1 (i= 1, 2, 3), then Eqs. (16) and (17) should be replaced by somewhat modified ones. However, for the sake of simplicity, here was omitted the consideration for the case of such special wave vectors.
(17) which contains both the contributions due to ~q, and ~-q, with V(qo) = V( -q0).
Extension to three-dimensional case
Let us consider the case that the random variable relevant to the lattice site J 1s three-dimensional vector Xj = {xjx} (A= 1, 2, 3), such as the vectorial spin in the classical Heisenberg model or the displacement vector in the lattice vibrational system. We introduce the Hamiltonian in a quadratic form as
Then, by the lattice Fourier transformations as before:
and
we obtain (20)
The expansion form of reduced free energy reads as
which fits in the case of real order-parameter E q, = ( ~~;, ~¥;, ~~;). If the order-parameter Eq, is complex, the above result must be slightly modified by the following one up to 0(~4). \vhere an abbreviation has been used for ~ q,~o as ~-
Equation (26) has the expansion coefficients in which A vanes as (T-T 0 )
\vith T 0 = zJ(pa 2 + qb 2 ) / k whereas B and C are independent of T, as assumed in the conventional Landau theory. Hence the order of transition is determined only by the sign of fourth order coefficient B(i.e., 1st order for B<O and 2nd one for B>O), but it is influenced by the microscopic parameters such as a, b and p(q=1-P) involved there. Namely, from Eq. (28), the condition for boundary which distinguishes between the first order transition and the second order one is given by
The diagram in Fig. 1 Therefore the order of transition (i.e., the sign of B) is uniquely determined by the value of P-Namely the transition is of first order for jJ > 1/2 and of second .one for P<l/2; in other words, it depends upon P>q or P<q.
In the examples of present section, the statistical weights p and q were formally introduced to be constant as simple model-parameters. However there are some cases that these statistical weights are expressed as a function o£ temperature, *J Equation (30) quantitatively derives that the transition is always of second order independent of the value of p for 0.3Z<r<3.15, while is of firstorderintherange {(l-5r 2 -Vl-10r'-i-r')} /6(1-r') <t)< { (1-5r'+ vl-=-1or'+i')} /6 (1-r') for r<0.32 or r>3.15. In this section, we consider the polyorientational phase transition in dipolar system, as an application with three-dimensional order-parameter. The random variable Xj = {xjl} (l = 1, 2, 3=x, y, z) in this case represents the displacement vector of ion at lattice site j. Here it is assumed that each ion ca.n shift discretely either to one of the six stable positions as shown in Fig. 2(a) or to one of the eight stable positions in Fig. 2 (b) . The statistical weights for the ion to take these t\vo types of orientational ion-shift (referred to as type-A and type-B) are expressed by jJ and q respectively. Now, for the simple cubic lattice with lattice constant d, we take Hamiltonian In this paper we have presented a statistical-mechanical theory in the mean field approximation to derive the order-parameter expansion of free energy from the microscopic point of view. It has been shown that the results give the expansion coefficients expressed by the cumulant averages of random variables, so that enable us to investigate the features of phase transition on the microscopic basis in contrast with Landau's phenomenological theory. We remark that the present theory derives the result quite compatible with Nakano's expansion series in the case of one-dimensional ferroic ( qo = 0) order-parameter, and further gives an extension of his theory to the case of complex order-parameter as well as three-dimensional one which is applicable to more complicated systems with first and second order phase transitions.
As one of the interesting applications of the present theory, we have studied the polyorientational phase transition in a dipolar system, and have clarified how the order of phase transition depends upon the microscopic parameters in adopted model. As was already pointed out, if we choose the statistical weights so as to possess the explicit dependence of temperature and chemical potential related to the microscopic model, our theory would be applicable to consider the intricate phase diagrams such as the successive phase transitions as well as the characteristic phase diagrams involving the tricritical point in some mixed systems.
Although it has been omitted in the present work, there exist some cases \vhere the odd powers of order-parameter expansion become necessary, such as the phase transition in the existence of external (or staggered) field, the crystalization of liquid, etc. On the other hand, it also happens the cases that the several modes vvith different wave vectors are mutually concerned in their transitions, for example as seen in the structural phase transitions and others. Further there also exist the phase transitions of more intricate systems whose unit cell contains many atoms connected by the symmetry-operations so that the group-theoretical treatments play an important role. However these studies vvhich have much interested for the wide variety with first and second order phase transitions still remain to be considered elsewhere, as the future subjects of the present microscopic work to be developed along the line of Landau theory.
